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ABSTRACT
It is proved that an arbitrary binary multiplicative system can be represented
by a family of binary relations, using the so called generalized multiplication
of relations. Transformations of such representations and existence of a
“‘universal” representation are studied.
Introduction. One considers families R of binary relations (f.o.b.r.) over
a given class N:

rc N x N’R = {...,r’...}.

The relations r are combined by the generalized multiplicaton (g.m.) of
binary relations (b.r.) relative to the given family R. This g.m. yields the repre-
sentation of an arbitrary binary (multiplicative) system (b.s.), associative or
not-associative, partial or complete, single or many valued. Indeed, at small
expense one can do away with all limitations and extend the validity of the earlier
representation theorems [4b] to the most general b.s. M, which is more precisely
a couple ( [ M I, Ty), where l M l isan arbitrary class and Ty, = [MI X |M| X IMI
an arbitrary ternary relation over l M |

F.o.b.r. with the g.m. can be expressed by a generalization of Brandt’s well-
known normal multiplication table for groups. Some instances of this generaliza-
tion have been met in [7]. It is also familiar from the multiplication of ordinary
fractions representing positive rational numbers as binary relations over the
natural numbers.

Although this approach is very general, it stands the test of useful applications
to more specific conventional b.s. and, in particular, to groups.

§1 introduces notations and concepts ;§2 establishes the basic representation
theorem in full generality by constructing specific representations (slight extensions
of earlier constructions [4b, 6]); §3 considers transformations of representations,
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the existence of a universal representation, and some identifications in the funda-
mental class N.

Notations in this paper follow [7]. More specific applications are investigated
in two other papers [2, 3]. (Cf. also [1, 5]). This series of papers is selfcontained.
The results go back to earlier work of the authors (unpublished or stated without
proof) mentioned in the bibliography for historical accuracy.

1. Basic definitions and notations. M =(|M|, )= (| M|, T,) will denote
an arbitrary b.s,, i.e., a non-empty class | M |={-~-, a,b,c,+--,m,---} with a non-
empty ternary relation Tj,:

(a,b,c)eTy<>ceab in M.

Often we write M instead of | M | and T instead of Tj,.
Binary relations associated with the ternary relation T':

(a,b,c0)e T <> bjce T'(a) <> ajce T*(b) < albe T3(c).
Note: ab = T(a)(b) = T*(b)(a).

Projections: p,T = U,,,eM T'(m) (i = 1,2, 3); p,T is also called the composa-
bility relation C = C,; of M.

mT =M = {m|T'm) = @&}; M* =|C,M>*=C|,M3= |J ab.

abeM

(All projections are, of course, non-empty.)
3 M' = uM is the multiplicative part of M, M — uM = M? its unessential
part.

The concepts of isomorphism, isomorphic systems, and faithful (i.e. isomorphic)
representation are defined as usual; those of homomorphism and homomorphic
image will not be considered here, except for special situations and, possibly,
with some modification.

Givena b.s. M and a family F = {---, K, -+; Ko} of disjoint non-empty classes
K,, indexed by M and one further, possibly empty, class K, indexed by, say 0,
0¢ M, one inflates the b.s. M to the b.s. M, by the following trivial construction::

lMFl = UF={-fgh -} and Ty, = w pr K, x K, x K, ie.,
a,0,c) € Ixr

(f.8 ) e Ty, <+ 3a,b,c)e Ty |feK,, geK,, heKk,.
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F is a partition of |M F I; the corresponding equivalence relation, also noted F,
is a congruence and has the property

fFg=>Ty (N=Ty e (=127

One recuperates M from My by deflation (contraction, identifications) mod F:
MgF — {Ko} =~ M.

This is an instance of modified homomorphism My — M; the modification is
in the ““mapping”’ of K, onto the empty set.

More generally, an equivalence relation D on M with the property

aDb = Ti(a)= Tiy() (i=1,2,3)

and a, possibly empty, subclass D° of equivalence classes mod D in M° induce
a deflation of M to M ®®°= M/D — D°® (= (M — U D°/D).

The coarsest deflation equivalence of M, denoted E = E,, is, obviously, defined
by

aEyb < Ty(a) = Tu(b)  (i=1,2,3).

M? is the, possibly empty, equivalence class mod E,, characterized by T,f,(m) =0
(i=1,2,3).

M = M|E — {M°} = {--,4,b,¢, -} is a b.s. with
(d,b,¢)e Ty <>(a,b,c)e Ty |aed, beb,cec.

M is called the skeleton or the essential part of the b.s. M. If M° = &¥ and all
other equivalence classes mod E,, are singletons, then there is an obvious identifi-
cation of M with A = M. This is, in particular, the case for /7, i.e., M = M.

For arbitrary M pick one element m’ from each equivalence class mod E,, of
pM as its representative and denote the class of representatives M'. Then M’ = M
is a representative binary subsystem of M with M’ = M and obvious identifica-
tion. This justifies calling M the “‘essential part” of M. The remaining elements
of each equivalence class mod E,,, if any, may be considered identical copies of m’
distinguished from m' and among themselves by special labels (see p. 25). One
expresses the same by saying that elements of one and the same equivalence
class mod E,, cannot be separated by multiplicative properties, i.e, properties
of Ty, but elements in distinct equivalence classes can.

Let R = {-+, 74 Iy T, -} be a f.0.b.r. over a class N = Ng (R, all r, and of
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course N non-empty). One defines the g.m. of relations relative to the family
R by
F €T, Tyl D,y F D,

where r,r, denotes the usual composition of relations. Thus, in particular,
1y Ty = @ <> {r;r, = & or there exsists no r.e R|r. > r,;r, # &}

Every f.o.b.r. R becomes with this g.m. a uniquely defined b.s. denoted by the
same R and referred to as a b.s. of relations (b.s.o.r.).

As a matter of fact all f.o.b.r. or, what is now the same, b.s.o.r. appearing in
this paper will satisfy

ret Ty ==
It follows that r,r, % & = 3r.eR ] rry © Fe.

Normal multiplication tables (n.mxt.)
A b.s.o.r. can be expressed by the following generalizationi[4a] of Brandt’s n.m.t
c —»>
!
l ! Diagonal
|
a

Entrance
column y

Entrance row x

The entrance row and column consist of the elements of N, the diagonal of
the points (x; x), xe N. If x[y er, the point (x; y) is marked a. The construction
of the table ensures that ceab<>r, o 1.1

A row and column intersecting on the diagonal are called corresponding.

Comparison of families of classes:
Let F={-,Fp},G={+,Gp-} be two families of classes indexed by
the same class M = {---,m, «+-}. F is smaller than G if F, = G, for all m.

2. The basic representation theorem.

A. THEOREM 1.
Every b.s. can be represented faithfully by a b.s.o.r.
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Proof by construction of a particular representation Ry = { -+, 1, +++}.

The construction of this representation is motivated by the following four
roles an element m e M can play in M:

(1) m may appear as a first (left) factor, i.e., as the first component of a triple
of Ty: me M1, ie., C(m) # .

(2) m may appear as a second (right) factor, i.e., as the second component of a
triple of Ty: me M?, ie., C~Y(m) # .

(3) m may appear as an element in a product, i.e., as the third component of a
triple of Ty;: me M3, ie., T3 (m) % .

(4) In any case m must appear as an element of the class | M |, i.e., me|M|.

Let Ng, = No be the union of three distinct copies of | M| x | M| and two
distinct copies of | M |:

N = {xmlmz} Y {ymxmz} U {zmm!z} v {uM} v {Um} (Vm’ mla mZEM)'
For every me M put

Py = rf,f) U rf,,” (V] r,(,?) (] r,(,,“),
where

"Snl) = {xmb/ymb}beC(m)

2

rr(n ) = {yamlzam}a €C~1(m)
3

rr(n ) = {xa! Zub}a/b € T3(m)

= {unlvn).

Thus, to each role (v) (v = 1,2, 3,4) of the element me M there corresponds
a non-empty relation r{, The correspondence
4

mor, = |Jryis 11, since
v=1

4 4
My my > 1) ) S T, Ty

Further, from inspection of the construction, for all a, b,e M:

rprpy = rsl)rl(,Z) — {ggab = Q
{xab/zab}éab #~ Q
and

: 3
ceabesxy|z,erY, ie, G#Erpcrlar,.
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Therefore,

ceabesr.er, ry,

and, in particular, ab= F<r, - r,= .
Thus, the b.s. of relations R, is a faithful representation of M.
Note: According to what was said before, in R,

Fol's = géra ‘T = g'
The pair u,,[v,, will be called the label of m.
Some economy in the size of the representing relations can always be obtained

by discarding the unnecessary labels in accordance with an earlier remark about
the necessary labels as follows:

a=b>b or

aDMb¢>{
TY(a) = T'(b) = TXa) = T*(b) = &, T(a) = T*(b).

Notice that D,, < E,, and that M° is an equivalence class of D,;. Choose an
arbitrary element m from every equivalence class of D), except from M°, and
delete ¥ from r,, thus distinguishing this element from others in its class by the
absence of r¥). The family of relations obtained in this way from R, will be
denoted by R;. R, is still a faithful representation of M.

Note that R; depends on the choice of particular elements (representatives)
from the classes % M° of D,,. One can pass from one such choice to another by a
product of disjoint transpositions of the elements of M. Since the permuted
elements play exactly the same multiplicative role in M, all choices are equivalent.
Therefore, we can assume, without loss of generality, for various f.o.b.r.
representing the same M a fixed choice of representatives,

If every equivalence class mod D), consists of a singleton and M°® = ¢, then
R, is obtained from R, by deleting all r*.

The representation R; is smaller than R,. Besides having the properties of R,

Drr#ZS=>3r.or0r, 2D rg, Nr.ZB=rrcr,

R, is also 3) minimal (relative to the comparison of families of classes defined
on p. 24) among the faithful representations of M.

Definition: A b.s.o.r. satisfying properties 1),2),3) will be called reduced.

ExAMPLES
1) Let M be given by the multiplication table
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a b ¢

c a,b

RO {ra’ s rc}’ r,= {xcc /zccv u, /va}’ = {xcc /zcc’ Up /vb}’

rC = {xCC/ycc’ yCC/ZL‘C’ uC/UC}
The equivalence classes mod Dy are {a,b} and {c}. An R, = {},Fpori} is,

c.g.. r,', = {xcc/zcc}’ rl; = Tps r(’: = {xcc /ycc,ycc/zcc}'

2) a b ¢
a a, b RI = {ra! rb’ rc}s
b a,b,c b
4 a
g = {xab /yab’ Yoa /zba’ Yea /zca’ Xab /zab’ Xba /zba, Xca /zca}

I, = {xba /Yba’ Xpe /.chs Yab /zab’ Xab /Zab’ Xba /zba’ Xbe /zbc}
re = {xca /ycw Xece /.Vcc’ Ybe /Zbca Yee /Zu., xba/Zba’ Xec /ch}

B. Another representation of M.
Let N be the union of three distinct copies of | M |:
N={x} Y{ymu} V{z,} (meM)
Consider the family of relations R;; = {-:-,r,, -+ } where:
1) T = {Xm[Ym} Vi /Zm}iecm10m Y {xi/zj}i/jers(m)
R,; is isomorphic to M. Indeed, m, # m, =r,, #r,, Furthermore
ceabe>ae C~Yb) and x,/z,er,,
hence
ceabe(r,rb = {xa/ya} {ya/zb} = {xa/zb} < rc)ércera * Tp.
Similarly to the reduction of R, to R; one can reduce R;; by suppressing
unnecessary labels of the form x,, /y,. Indeed, after choosing as before a represen-
tative m’ from every equivalence class of D, except from M°, x,,. [y, can be

deleted from the corresponding relation r,,., provided that C(m’) = & (otherwise
Xm [V is needed to represent m’ as a left factor).
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The b.s. of relations R;;; obtained in this way from R, is still a faithful repre-

sentation of M and is reduced.

Examples
For example 2 R;;=Ry;={r,r,r., with

Fg = {xa/ym yb/Zaa yclza: xa/Zba xb/Za, xc/za}
Ty = {xb/yl” ya/zb’ xa/Zb’ xblzaa xb/Zc}

re= {xc/yc’ yb/zc’ yc/Zc’ xb/za, xc/Zc}

and the n.m.t.:

a,b b e

z a,b,c a a a /]

Xa Xp Xe Ya Yp Ye Zq 2
3) M: a b ¢ d
al a ¢d Ryp = {rotyre 1}, Where
b
c
d

r,= {xa/yaa .Va/za, xa/za}’ ry = {xb/yb: ya/zb}’ ro= {xc/yca xalzb}’

ra = {Xa/Va» X412}
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The equivalence classes mod Dy, are {a}, {b}, {c,d}.
An Ry, is, e.g.,

r;zra’ rb'={ya/zb}’ ré'_"{xa/zb}a r4;=rd-
REMARK. Instead of (1) one can put
T = (X [Vi}i ccomy Y {m2m} U {xi/25}i15 e T30m)

and obtain a representation R}; “‘dual” to Ry;.

3. Transforms of representations. Let N and N*' be classes, R = {---,r,, -}
an indexed family of non-empty relations over N and « = N x N*,

R*={--,r%, -}, where r& =a 'r,a,

ms

will be called the transform of R by a.
In particular, if o is a mapping the corresponding transform will be called a

mapping transform.
R* will be a family of non-empty relations if and only if for every m

(Jax o) r,# .
PROPOSITION 1. For any b.s. M, there exists a mapping o such that R;; = R§
and Ry =R}
Proof by construction of «.
N = {xa} V{ya} U{za} V{u} V{v} (a,beM)
N'= {x}U{n} Uz} (aeM)
o = {Xp/%a} Y {Vap[Va} V{2 [25} U {ualx} U{valys}  (a,beM)
For any r,€R, one computes that
& o =1 = (X [V} I i) Zmbi e cm10my I {%i /2301 e 13my = TmE R
Hence R;; = R§. Similarly, R;;; = R}, because the choice of the same represen-
tatives from the equivalence classes of D,, ensures that
a~tr,o=r,, for every r,€R; and the corresponding r, € Ry .
REMARK. Rj; = R%, where
0" = {Xgp [%a} U {Vap [V} Y {Zap 26} U {Ua [Va} U {va/2}  (a,beM).

Compound transform
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Let A = {«} be a class of relations « =« N x N', The (compound) transform of
Rby A is R = {--,rA,--}, where

m=U m= U ¢ rm

xe A xeA

The following theorem shows that R; is in a certain sense a universal represen-
tation.

THEOREM 2. For any representation of M by a reduced b.s.o.r. S = {---, S, ++}
there exist an Ry representing M and a family A = {a} such that S = R{.

Proof by construction of a particular R; and a particular family A. The fact
that S is reduced implies some choice of unlabeled elements of M; in accordance

to our convention R; belongs to the same choice.
Assume o [t€5,€S. o/t must represent m in at least one of its four possible
roles in M:
1) (m,b,0)e T& I eNs| T/l es,, o[l €s,; in this case put a = {x,,; /o, Vs /)5
2) (a,m,c)e T& 3¢ eNs! Eloes, &[v €s,; in this case put o = {Y,n/0s Zm/T};
3) (a,b,m)eT& HneNsl o /n€s, n/tesy; in this case put a = {x,, /0,2, /t};

4) m is a labeled element and o /7 is the label; in this case put « = {u,, /0,0, [t}

In all four cases one computes {c/t} = ry. 4 is the collection of all these o, and,
therefore, for all m,

The b.r. p between representations of M with a fixed labeling

RypR; <> EiAI R;=R{ (4={a}),

is obviously a quasi-ordering (reflexive and transitive). Thus, the universality o1
R; means that R; is “‘greatest” in the class of reduced representations of M with
that labeling. The possible (quasi-) order relations in the class of representations
of a b.s. M deserve further investigation.

Some simple mapping transforms: identifications.
Let M be represented by R;;; and consider the following “‘identifications’’:
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1) For C(a) = C(b): Put y,=y,, i.e.,, Nu= N — {y,}, « is the identity on
N —{y;} and yya =y,

2) For eeC(e) and (Vme C(e))(em = m): Put x, = y,, i.e.,, No =N —{y.},
a is the identity on N — {y,} and y.a = x,.

3) For eeC(e), (Vm,eC~Ye))(me= m,), (VYm,e (e))(em, = m,) and
C(eyx Cle)cC: Put x, =y, = z,.
In all cases R7;; remains a faithful representation of M. In example 2 (p. 28)

conditions 1) and 3) hold simultaneously; the identifications y,=x,=y, =z,
yield the n.m.t.:

Zb a,b b

Xa Xp Ya Y Zq Zp

CoroLLARY 1. For a monad (groupoid) all y,, can be identified (by condition
1)). Therefore, for a faithful representation of a monad M by a f.o.b.r. card N
<2 card M + 1 suffices; and if M has an identity, 2 card M — 1.

4) A further identification for a monad M with an identity e and elements a,b
such that ab = ba = e and (Ym,m, e M) ((ma)(bm,) = m m,): Putz, =x,.

CoroLLARY 2. For a group G card N =card G suffices.

Proof. Put in 4) a= g, b= g~! for all geG; by associativity (g;2)(g~'g;)
= g;g; for all g,g;eG; identifying z, = x,_;, one obtains N = {--,x,,--}.
This gives the well known n.m.t. for groups (see, e.g., [4a,8 p.4]). Further re-
ductions of card N for groups are treated elsewhere [2].
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